We calculate the time taken by a wave packet to travel through a classically forbidden locally periodic rectangular potential in space fractional quantum mechanics (SFQM). We obtain the close form expression of tunneling time from such a potential by stationary phase method. We show that tunneling time depends upon the width b of the single barrier and separation L between the barriers in the limit b → ∞ and therefore generalized Hartman effect doesn't exist in SFQM. We observe that in SFQM, the tunneling time for large b in the case of locally periodic potential is smaller than the tunneling from a single barrier of the same width b. It is further shown that with the increase in barrier numbers, the tunneling time reduces in SFQM in the limit of large b.
Introduction
In quantum mechanics the concept of fractals were first introduced in its path integral (PI) formulation [1] . In the PI formulation of quantum mechanics, the path integrals are taken over Brownian-like quantum mechanical paths that results in Schrodinger equation. However the Brownian process (the random processes governed by Gaussian probability distribution) are the subset of a more general class of process called Levy α-stable random process. The Levy α-stable random process are non-Gaussian process often characterized by Levy index α, 0 < α ≤ 2. For α = 2, the Levy process are transformed to Brownian process or in other words the Levy paths are Brownian paths for α = 2. The path integral approach of quantum mechanics was generalized by Nick Laskin by considering the path integrals over Levy flight paths [2, 3] . The PI formulation over Levy paths leads to fractional Schrodinger equation [4] and the corresponding branch of quantum mechanics is known as space fractional quantum mechanics (SFQM). Owing to its natural generalization of standard quantum mechanics, the field of SFQM has grown fast over the last one and a half decade. Various applications of fractional generalization of quantum mechanics have also been discussed [5, 6, 7] including its applications in fractional quantum optics [8] and diffraction-free beams in SFQM [9] . New scattering features from non-Hermitian potential in SFQM have also been reported [10] .
The particle tunneling from a classically forbidden region is one of the most of fundamental problem of quantum mechanics. It is also one of the few earliest studied problems of quantum mechanics started in the year 1928 [11, 12] . Since then the quantum mechanical tunneling has long been studied [13, 14, 15] . In the year 1962, Hartman studied the time taken by a wave-packet to tunnel through the classically forbidden region imposed by metal-insulator-metal sandwich [16] by stationary phase method. It was found that the tunneling time doesn't depend upon the thickness of tunneling region. This famous paradox is known as Hartman effect. Later independent study by Fletcher showed the same effect i.e. the tunneling time of evanescent wave shows saturation with the barrier thickness [17] . In later years several studies were done to understand the nature of tunneling time. The numerical monitoring of time evolution of the tunneling particle have shown that the tunneling time agrees with the ones obtained by stationary phase method [18] . It was also found from stationary phase method that in case of two opaque barrier separated by a finite distance, the tunneling time is also independent of the separation in the limit when the thickness of the barrier is large. This phenomena was termed as generalized Hartman effect [19] . For multi-barrier tunneling, the tunneling phase time is also independent of barrier thickness and inter-barrier separation [20] . The close form expressions of super-lattice tunneling time have been obtained in [21] and is shown that the super-lattice tunneling time can be smaller than the free motion time when particle energy lies in the energy gap of the super-lattice structure. The problem of tunneling time was also studied for complex potentials. For complex potentials associated with elastic and inelastic channels, the tunneling time was found to saturate with the thickness of the barrier for the case of weak absorptions [22, 23] .
To test the validity of the theoretical results of tunneling time, a series of accurate measurements were conducted by different researchers. The measurement of single photon tunneling time have revealed the superluminal nature of the tunneling phenomena [24] . The experiments were done with microwave [25, 26, 27] as well as in optical ranges [28, 29, 30] . The tunneling time in all such experiments doesn't found to be changing with the thickness of the tunneling region. The tunneling time was also studied with double barrier optical gratings [29] and double barrier photonic band gaps [31] . The observed tunneling time was paradoxically short. The results of these experiments also favored the generalized Hartman effect as the tunneling time was found to be independent of the gap between the two barrier distance. For discussions on the validity of the generalized Hartman effect, the readers are referred to some of the critical articles/comments : [32, 33, 34] .
Considering the growing interest and development of SFQM as well as in the tunneling time, we explore the tunneling time by stationary phase method in the domain of SFQM for locally periodic rectangular potential. The tunneling time from an opaque rectangular barrier in SFQM have been discussed in [35] and is shown that the Hartman effect doesn't exist in SFQM. In this paper we provide close form expression of tunneling time from a locally periodic potential in SFQM. We show that the generalized Hartman effect doesn't exist in SFQM. However this effect is restored as a special case for standard quantum mechanics (α = 2). We found that the tunneling time in SFQM for locally periodic potential (of arbitrary periodicity N ) each of width b and separated by a distance L is smaller as compared to single barrier of width b in the limit b → ∞. We also show that in the limit b → ∞, the tunneling time reduces as the number of barriers increases. The tunneling time first attain a maxima with increasing barrier thickness and then begin to decrease as the barrier thickness further increases. The decrease in tunneling time for large barrier have also been shown to occur in standard quantum mechanics with wave packet of large momentum spreads [36] .
We organized the paper as follows: in section 2 we outline the stationary phase method of calculating the tunneling time and the Hartman effect of standard quantum mechanics. We discuss the fractional Schrodinger equation in 3. In section 4 we calculate the tunneling time from classically opaque locally periodic rectangular potential. We also discuss here (in sub-section 4.1) the special case of double barrier potential in SFQM and show that generalized Hartman effect doesn't exist in the domain of SFQM. The limiting case of tunneling time for locally periodic potential for large b is also discussed separately in sub-section 4.2. Finally the results are discussed in section 5.
Tunneling time in standard quantum mechanics
In this section we discuss the calculation of tunneling time by stationary phase method for a particle traversing a classically forbidden region of width b [37] . According to stationary phase method, the time difference between the peak of the incoming and outgoing wave packet gives the tunneling time as the wave packet crosses the potential barrier. We briefly present the methodology of stationary phase method below.
Consider a localized wave packet W k 0 (k) which is a normalized Gaussian function having peak at the mean momentum k 0 . Here wave number k = √ 2mE. The time evolution of
This wave packet propagates towards positive x direction. After the transmission from the potential barrier the emerged wave packet would be
Here t(k) is the transmission coefficient through the potential barrier V (x) (V (x) = V for 0 ≤ x ≤ b and zero elsewhere). According to SPM, the tunneling time τ is
The above condition provides the expression for tunneling time as
For a square barrier of width b, the expression for tunneling time is [37] 
Here q = 2m(V − E)/ . We observe τ → 0 as b → 0. This is expected. However when
. This expression doesn't involve b i.e. tunneling time is independent of the width of the barrier for a sufficiently opaque barrier. This is known as the famous Hartman effect, i.e for a sufficiently thick barrier, the tunneling time is independent of the width of the barrier. In the system of units 2m = 1, = 1, c = 1 the expression of tunneling time for b → 0 becomes
3 The fractional Schrodinger equation
The fractional Schrodinger equation in one dimension is
where 1 < α ≤ 2 (see discussion in [2] for range of α). The fractional Hamiltonian operator
In the above D α is a constant. It depends on the system characteristics. ∆ =
If the potential V (x, t) is independent of time the fractional Hamiltonian operator
is time independent as well. In this case we have the time independent fractional Schrodinger equation as
where E is particle's energy and ψ(x, t) = ψ(x)e 4 Tunneling time from locally periodic potential in space fractional quantum mechanics
To calculate the tunneling time for a potential, we have to find the phase of the transmission coefficient. This phase is then differentiated with respect to energy in order to obtain the phase delay time. This time combined with the free passage time of the spatial extent of the potential gives the net tunneling time from the given potential distribution.
As the tunneling from a periodic system depend upon the characteristics of the unit cell potential, we prefer to start our discussion of finding the phase of the transmission coefficient of the periodic system in terms of the parameters of the unit cell rectangular barrier. This also help to compare the tunneling time from locally periodic system as compared to the single barrier case in certain limit (such as thickness of unit cell b → ∞). The detail of the calculations are illustrated below along with the separations of real and imaginary parts of various quantities of interests.
The transmission coefficient for a square barrier potential V (x) = V confined over the region 0 ≤ x ≤ b and zero elsewhere has been calculated in Ref [5] . Ref. [38] provide transfer matrix for a such a barrier. For a single barrier of width b, the transmission coefficient is
where,
In the above expression,
and
Eq. 12 can be written as
where δ = θ − k α b. For classically forbidden case E < V , the expressions for v α and θ are
− ) cos 2β} cosh 2ξ − 8ε − sin β sin 2η + 8ε + cos β sinh 2ξ (16) and,
In theses expressions q α , ε α and ε ± are defined as
and,
The transmission coefficient from a locally periodic rectangular potential in SFQM is [38] 
where N is the number of barriers and
Here s = b + L, L being the separation between two consecutive rectangular barriers. And,
To find the phase of t N , we separate M N in real and imaginary parts,
Thus the phase of t N is found to be
Now we have to evaluate dΦ dE to find the phase delay time. After performing lengthy algebra, it can be shown that
The expression for A 1 is mathematically lengthy and we define it, keeping the future calculation in mind, through the use of following variables:
with a 1 and a 2 defined below.
Various B i s are given below
In the above,
Further in Eq. 39,
The expression for δ can be evaluated as
where v α is given by Eq. 16 and d α is defined below
bε + q α cos β cos γ cosh 2ξ + 1 2 bε − q α sin β sin γ cos 2η + 1 4 ε + cos β sin 2η + 1 2 bq α (cos γ sinh 2ξ + sin γ sin 2η) (43) and,
(ε + cos β cosh 2ξ sin γ − ε − sin β cos 2η cos γ)+ (sin γ sinh 2ξ − cos γ sin 2η) (46)
In the above equations
Now the tunneling time Γ N α from locally periodic rectangular barrier potential can be obtained as
where dΦ dE is given by Eq. 30.
Special case: double barrier potential
To investigate the generalized Hartman effect, we take the case of n = 2. In this case we have
On performing the necessary algebra, the tunneling time from double barrier potential is obtained as
We take the limiting case lim
In terms of f 1 , f 2 and f 3 we evaluate,
Considering the dominant term of Eq. 53 the limiting case b → ∞ is simplified to
Hence for double barrier case
We recognise that δ is the phase delay time from a single rectangular barrier of width b in SFQM. Thus the term δ + b 2k
= τ α is the net tunneling time from single barrier potential in SFQM. Hence we arrive at
We see from Eq. 62 that the tunneling time does depend upon s = b + L for α = 2. Hence the generalized Hartman effect doesn't exist in SFQM. This is further observed that the second term in parenthesis of Eq. 62 
b → ∞ case of locally periodic potential
Next we study the case of large width b for a general N . Due to the presence of several Chebyshev polynomials which are oscillatory in nature, the computation of b → ∞ is somewhat tricky. Therefore we illustrate the various steps of calculations below. We note that for large b, the dominant term of A 1 and A 2 is U N −1 (χ) 2 . Therefore we divide A 1 and A 2 by U N −1 (χ) 2 and evaluate the limiting case b → ∞. We proceed as follows:
The limiting case of the fraction containing the Chebyshev polynomials goes as χ as b → ∞. Further simplification leads to
Similarly we can show that
Thus,
Writing v α − χ 2 = √ v α sin (δ + k α s) and using Eq. 39 (expression for χ ) it can be shown that
Using the above result in Eq. 49 and recognising τ α = δ + b 2k
we get the limiting behaviour of the tunneling time as
The above expression correctly reduces to Eq. 62 for double barrier case (N = 2). Also for α = 2, w α = 0 and we observe
which is again generalized Hartman effect of standard quantum mechanics. Further as w α < 0 for 1 < α < 2, hence lim
This shows that in SFQM, the tunneling time from a locally periodic potential with large width of the unit cell is smaller than the tunneling time from the single unit cell. From Eq. 71 it is seen that for a pair of natural numbers N 1 and N 2 such that
for 1 < α < 2. Therefore in the limit b → ∞, the tunneling time reduces as the number of barrier increases (in SFQM). This is also graphically shown in Fig 1- 
Results and Discussions
We have provided the close form expression of tunneling time from locally periodic rectangular potential in space fractional quantum mechanics (SFQM). In the limiting of case of large width b of the unit cell barrier, we see that the tunneling time depends upon the width b for 1 < α < 2 for arbitrary N number of barriers. Therefore the generalized Hartman effect doesn't exist in SFQM. In general, the tunneling time depends upon spatial extent of the potential for any extent (small or large) in SFQM. The generalized Hartman effect is restored for α = 2 case i.e. the standard quantum mechanics.
It is observed that, in SFQM, the tunneling time from a locally periodic rectangular potential made of 'large width' of the unit cell potential is smaller than the tunneling time of the same unit cell potential. Furthermore we have shown that in SFQM, in general, in the limit b → ∞ the tunneling time reduces as the number of barrier increases. This is also shown graphically in Fig 1-b . It is observed that (Fig 1-b) that the tunneling time first attain a maxima and then monotonically reduces. The monotonic reduction of the tunneling time with the thickness of the barrier after a certain thickness is a further paradoxial result and needs further investigation.
